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Introduction: The CMB

CMB sky as seen by Planck〈
∆T
T (n) ∆T

T (n′)
〉

=

1
4π

∑
`(2`+ 1)C`P`(n · n′)

D` = `(`+ 1)C`/(2π)

The Planck Collaboration:
Planck results 2013 XV
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Introduction

The CMB is our most precise cosmological data set. We know the angle subtended by
the first peak to exquisite precision, (Planck Collaboration: Planck results 2013 XVI)

θs =
rs

dA(zs)
= (1.04131± 0.00062)× 10−2 .

The sound horizon at last scattering is (Planck Collaboration: Planck results 2013 XVI)

rs = (144.71± 0.60)Mpc .

This relative error of 4.1× 10−3 is also the precision with which we know dA(zs).

Why are these quantities so well determined by the CMB?
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Fluctuations of the CMB and cosmological parameters: acoustic peaks

Initial fluctuations from inflation are supposed to be generated with a very simple power
spectrum,

k3〈Ψ(k)Ψ(k′)〉 = 2π2δ(k− k′)∆R(k∗)
(

k
k∗

)ns−1

.

Here Ψ is the Bardeen potential.

The evolution of the Bardeen potential during the radiation dominated era is just a
damped wave equation,

Ψ̈ + 3H(1 + c2
s )Ψ̇ + [3(c2

s − w)H2 + c2
s k2]Ψ = 0 .

The (growing mode) solution is constant on super Hubble scales, k < H, and decays
(like H2) and oscillates inside the horizon with wave number csk .
The radiation density fluctuation is simply δr = 2

3 (k/H)2Ψ and ∆T/T = δr/4.
The density fluctuations grow on super Hubble scales and oscillate at constant
amplitude inside the horizon.

The CMB is a snapshot of these oscillations at the moment of decoupling.
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Acoustic peaks in the CMB
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Acoustic peaks in the CMB
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In the flat sky approximation ` = kdA.
The spectrum strongly depends on: ns, ∆R, ωb = Ωbh2, ωm = Ωmh2, dA.
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Fluctuations of the CMB and cosmological parameters: the sound
horizon and the distance to the CMB

The position of the first acoustic peak is given by θs = rs/dA(zs) where

H0

h
(1 + zs)rs =

2√
3rωm

log

√1 + zs + r +
√

(1+zs)rωr
ωm

+ r
√

1 + zs

(
1 +

√
rωr
ωm

)
 , r =

3ωb

4ωγ
.

This expression is independent of h (h/H0 = (100km/s/Mpc)−12997.9Mpc)

while (K = 0)

H0

h
(1 + zs)dA(zs) =

∫ zs

0
dz

H0

hH(z)
=

∫ zs

0

dz
[ωm(1 + z)3 − ωm + h2]1/2 .

(for a flat ΛCDM universe) depends strongly on h,

∂dA(zs)

∂h
' −5

dA(zs)

h

for standard Planck values. Hence a 1% error in dA leads to a 5% error in h!
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Lensing of the CMB

(Figure from
RD, ’The Cosmic Microwave Background’, 2008)

It is well known that lens-
ing by foreground structure
affects the CMB. This is
taken into account by includ-
ing lensing deflection,

δn = ∇ψ

i.e. 1st order lensing.
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Fluctuations of the CMB and cosmological parameters: the distance to
the CMB II

The acoustic oscillations of density fluctuations in the relativistic plasma begin in a
minimum at the end of inflation. At the moment of decoupling they are ∝ − cos(csktdec).
The fluctuations with wavelength 2rs = 2π/ks = 2cstdec have performed exactly
one-half oscillation.

A

e e ’

D D’A

L

The angle under which the
size L = rs is seen to-
day, depends on the distance
of the last scattering surface,
dA(zs) = t0 − tdec

θs = rs/dA(zs) . The angle
corresponds to the harmonic
` ' π/θs.

Within the flat sky approximation a change, dA → d ′A changes the CMB power
spectrum like (M. Vonlanthen, S. Räsanen and RD, arXiv:1003.0810)

C′` =

(
d ′A
dA

)2

C d′A
dA
`
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Aggregated lensing

null geodesics 
diverge on average 
from fluctuations  
outside bundle

implies larger 
mean area distance 

(smaller angle)

On average 0-geodesics diverge
due to the matter outside the beam.

This renders angles smaller θ ↘
and distances dA = L/θ ↗

On average structure mimics
negative curvature.
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Effects on the distance by large scale clustering

The Friedmann formula

(1 + z)dA(z) =

∫ z

0
H(z)−1dz =

h
H0

∫ z

0

1√
ωm(1 + z)3 + ωK (1 + z)2 + ωx (z)

dz

is strictly valid only in an unperturbed Friedmann universe.
Once matter clusters this formula becomes perturbed,

dA(z)→ d ′A(z) = dA(1 + 〈∆(z)〉) .

We take the expectation value to get a direction independent mean value of this
change.
Let us assume we can perturb dA in the form (χ(z) = t0 − t(z)),

dA(z,n) =
1

1 + z

[
χ(z) + d (1)

A (z,n) +
1
2

d (2)
A (z,n) + · · ·

]
where to first order

〈
d (1)

A (z,n)
〉

= 0.
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Effects on the distance by large scale clustering: Flux conservation

General relativity (photon number conservation) implies that for an arbitrary source the
total flux

F =

〈
L

4πd2
L

〉
remains unchanged is we rearrange the matter in the ball around the source. With
dL = (1 + z)2dA we therefore expect

〈dA(z,n)−2〉 = (d̄A)−2

but

dA(z,n)−2 = (d̄A)−2

1− 2
d (1)

A (z,n)

χ(z)
−

d (2)
A (z,n)

χ(z)
+ 3

(
d (1)

A (z,n)

χ(z)

)2

+ · · ·

 .
Taking expectation values on both sides yields

〈d (2)
A 〉 = 3

〈(
d (1)

A

)2
〉

χ
.
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Effects on the mean distance by large scale clustering ∆(z)

d (1)
A has been calculated in linear perturbation theory

(see, e.g. C. Bonvin, RD, A. Gasparini, arXiv:astro-ph/0511183).
The dominant term for large redshifts is the lensing term given by

d (1)
A

d̄A
(z,n) =

∫ χ(z)

0

dχ
χ

χ(z)− χ
χ(z)

∆2Φ(t(χ),nχ) .

〈dA〉(z) = d̄A(z)[1 + ∆(z)],

∆ =
3
2

〈(
d (1)

A

χ(z)

)2〉
= 6π

∞∑
`=0

[
`(`+ 1)

2`+ 1

]2 ∫ χ(z)

0

dχ
χ

(χ(z)− χ)2

χ(z)2 PΦ

∣∣∣
k=(`+1/2)/χ

∝ (keqχ(z))3 .
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Effects on the mean distance by large scale clustering ∆(z)

(ΛCDM with ωm = 0.14, h = 0.68, ωb = 0.0222 and ns = 0.96).
Open fit: ΩK = 0.0066.
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Effect on the Hubble parameter

100θs = 1.04131± 0.00062
rs = (144.71± 0.60)Mpc
dA = (13897± 58)Mpc
ωm = 0.14± 0.0029
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Effect on the Hubble parameter
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Conclusion and Outlook

When Fluctuations are taken into account the distance to the CMB increases.

From the observed distance we therefore infer a smaller background distance and
hence a larger Hubble parameter. This completely removes the tension with local
measurements.

The bulk of the signal comes from relatively small scales, from keq ∼ 0.01hMpc−1

to kmax ' 1hMpc−1 and large redshifts z ∈ [10, 300]. But scales down to 10kpc
still contribute.

Our calculation is an approximation as it takes into account only 〈∆〉.
The true distance depends on direction, dA = d̄A[1 + ∆(n)] and(

∆T
T

)
(n) =

(
∆T
T

)
(x = dA(n)n, zs)

There are integrated contributions...

Nongaussianities...
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Another derivation of 〈∆〉
Lens map:

D : (θ, ϕ) 7→ x (Dab) = λ

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
,

κ = convergence, γ = γ1 + iγ2 = complex shear.

We perturb all quantities to 2nd order

λ = χ+ λ(1) +
1
2
λ(2) (perts. subdominant)

κ = κ(1)(S̄) +
1
2
κ(2)(S̄)

γ1,2 = γ
(1)
1,2(S̄) + · · ·
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Another derivation of 〈∆〉

d2
A(S) = det(Dab) = χ2

[
1− 2κ(1)(S̄)− κ(2)(S̄) + (κ(1))2(S̄)− (γ

(1)
1 )2(S̄)− (γ

(1)
2 )2(S̄)

]
= χ2

[
1− 2κ(1)(S̄) + total divergence

]
,

(F. Bernardeau, C. Bonvin & F. Vernizzi, arXiv:1112:4430)

Square root:

dA(S) = χ

[
1− κ(1)(S̄)− 1

2

(
κ(1)(S̄)

)2
+ total divergence

]
.

We want to determine the 2nd order part of this quantity.
For this we subtract the 0th and 1st order. But to subtract the 1st order we have to
evaluate both sides at the same position. To 2nd order this does make a difference.

dA(S) = χ

[
1 +

d (1)
A (S)

χ
+

1
2

d (2)
A (S)

χ

]
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Another derivation of 〈∆〉

Expanding also

κ(1)(S̄) = κ(1)(S)− δxa∂aκ
(1)(S̄) = κ(1)(S) + (∂aδxa)κ(1)(S̄)

= κ(1)(S)− 2[κ(1)(S̄)]2 + total divergence

(To first order (∂aδxa) = −2κ(1).) With the first order identity

−κ(1)(S) =
δdA(S)

χ

we finally obtain

d (2)
A (S)

χ
= 3(κ(1))2(S̄) + total divergence

= 3
(d (1)

A )2

χ2 + total divergence.
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