Stochastic Generation of Quantum
Fluctuations in Single Field Inflationary Models

Giovanni Marozzi

University of Geneva

Young Researchers Workshop on
The Physics of de Sitter Spacetime
Albert Einstein Institut, Hannover, Germany,
13 September 2012



Outline

@ Introduction
@ Inflation and field-theoretical approach
@ Growth of quantum fluctuation: stochastic approach

@ Two field quadratic model: physical bounds from stochastic
approach

@ Test fields vs inflaton fluctuations

@ Conclusions

Based on:
F. Finelli, G A.

.M, . Starobinsky, G. P. Vacca and G. Venturi, Phys. Rev. D 79, 044007 (2009);
F. Finelli, G. M., A.

. Starobinsky, G. P. Vacca and G. Venturi, Phys. Rev. D 82, 064020 (2010).

> >



Outline

@ Introduction
@ Inflation and field-theoretical approach
@ Growth of quantum fluctuation: stochastic approach

@ Two field quadratic model: physical bounds from stochastic
approach

@ Test fields vs inflaton fluctuations

@ Conclusions



Introduction

@ The theory of quantum fields in expanding universe has
evolved from its pioneering years into a necessary tool in
order to describe the Universe on large scales.

The de Sitter background has been the main arena where
to compute quantum effects.

@ In viable inflationary models, while |H| < H2, H may not be
zero

4

The study of quantum effects in a nearly de Sitter stage
with H = 0 is not of just pure theoretical interest.



Introduction

@ In general inflationary model quantum scalar fields can be
split into a long wave (coarse grained) component and a
short-wave one.

The former component effectively becomes quasi-classical
and it experiences a random walk described by the
stochastic inflation approach (Starobinsky (1986)).

@ The non-perturbative nature of the stochastic approach to
inflation is based on a number of heuristic approximations.
Therefore, it is very important to check, whenever possible,
results obtained by its application using the standard
perturbative QFT in curved space-time.
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Inflation and field-theoretical approach

Let us consider, in a spatially flat FLRW background geometry, a two field
model in which the dynamics is driven by a minimally coupled inflaton ¢ and
a minimally coupled scalar field x is present. We shall neglect the x energy
density and pressure in the background FLRW equations.

The action is given by
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and we can expand our background fields {¢, x, g.. } up to second order in
the non-homogeneous perturbations, without fixing any gauge, as follows:
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Inflation and field-theoretical approach
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where D/j = 8/6] — 5,‘,’(V2/3).

The scalar sector can be reduced to the study of the gauge invariant
Sasaki-Mukhanov variable Q (Sasaki (1986), Mukhanov (1988)).

Q can be seen, order by order, as the scalar field fluctuations ¢(™ on uniform
curvature hypersurface (see, for example, Malik (2005)).

At first order .
QM — g4 97 (i gz
H 6
In the same way the physically meaningfull variable associated with y is the
gauge invariant variable Q,, given, order by order, by its scalar field
fluctuations x{™ on uniform curvature hypersurface.



Inflation and field-theoretical approach

To fix a gauge in the scalar sector we can, in particular, set to zero two scalar
variables among ¢, «, 3, ¥ and E.

v =0, E=0  Uniform Curvature Gauge
4

Q=g QM =

In the UCG, at the leading order in the slow-roll approximation and in the
long-wavelength limit, the equation of motions satisfied by the scalar fields ¢
and x can be obtained order by order from the expansion around the
classical solution of the equations:

% — Vo % _ Vi

dN = "3H($)2 °  dN~  3H(¢)y




Inflation and field-theoretical approach

So for the inflaton field we have

V2

¢
Voo = 3HZM?,
pi

v VooV,  2V8
Vo — ¢ ]¢(2)__ [V¢d>¢— [ ¢+ ¢ ¢(1)2

¢(0) +3H(Z'5(0) +V,=0 7 3Hq'§(1) + ¢(1) =0

3H +

3HEM, HEMZ T OHAMY,

while for the field x one obtains
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Growth of quantum fluctuation: stochastic approach

How does one re-derive these results in the stochastic approach?

The consideration above suggests that one has to choose the time variable
N = [ H(¢)dt in the Langevin stochastic equation for the large-scale part of
¢ or x

In the past both N (Gangui, Lucchin, Matarrese, Mollerach (1994), Enqvist,
Nurmi, Podolsky, Rigopoulos (2008)) and the proper time t (Linde, Linde,
Mezhlumian (1994), Martin, Musso (2005)) were considered as time variable
in the Langevin stochastic equation.

The transformation from t to N is not a simple time reparametrization
t — f(t), this is made using the stochastic function H(¢) and leads to a
physically different stochastic process.

Statement: we should use the N variable when we consider any gauge
invariant quantity containing metric fluctuations. Otherwise, incorrect results
would be obtained using the stochastic approach which would then not
coincide with those obtained using perturbative QFT methods.



Growth of quantum fluctuation: stochastic approach

Statement supported by exact non-perturbative results (valid to all orders of
metric perturbations) from the general §N formalism which relates the value
of the gauge invariant metric perturbation ¢ after inflation to the difference in
the number of e-folds N in different points of space (Starobinsky (1982,1985),
Sasaki, Stewart (1996))

The choice of a proper time variable in the stochastic equation is not an
absolute one.

This is dictated by the physical nature of ‘clocks’ relevant to observable
effects.

Growth of gauge invariant quantum fluctuations = N is the 'clock’.



Growth of quantum fluctuation: stochastic approach

The Langevin stochastic equations can then be written as
a__ Vo o o Ve k
dN ~—  3H? ’ dN ~—  3H?
H4 H4
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472 4
where H? = V($)/3M? I is a function of ¢, and the stochastic noise terms are
given, to the leading order in the slow-roll approximation, by

d°k ) KXt e bk

f(tX) = ecaH? ik~ cat) |aon()e™ + aloi()e ™|
dk I —ik- I * iK-

f(t,X) = ecaH? ik~ cat) [Bov(tye™ + Blxi(t)e™*] .

On expanding to first order one obtains the following stochastic equation for
the inflaton fluctuation



Growth of quantum fluctuation: stochastic approach

The general stochastic solution is given by

V. t "4
m_ Y
o= V/pdT(V¢f¢>’
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with the following result for the growth of quantum fluctuations

(6 = 75 (‘3’)/ o (V‘;)

. 2 52 .
For example, for a chaotic model V = % one obtains

H6
(o)) = ZE I

which corresponds to the QFT result (Finelli, GM, Vacca, Venturi (2004)).



Growth of quantum fluctuation: stochastic approach

In the same way, to second order, we have the following evolution equation

d H® [V, H
956 = 87(7“’) <3Hv¢¢+2 ><6¢ )
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with general solution

V. V\|H [V, 1 H\ V.
(2) ¢ L ) _ 4
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which also corresponds to the QFT result in curved space-time (Finelli, GM,
Starobinsky, Vacca, Venturi (2009)).




Growth of quantum fluctuation: stochastic approach

Proceeding in the same way for the y fluctuations one obtains the following
first order stochastic equations

dX(1) o 1 5 (1) 2 H,
7—_371_,‘/”( +§mvx¢ + s
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1 — ¢4 X
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with solution

while to second order we have
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Growth of quantum fluctuation: stochastic approach

The growth of the quantum x fluctuations is then given by
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Two field quadratic model: physical bounds from
stochastic approach

Let us consider the particular case V(¢) = @ and V(x) = =%
The background solution for the test field x is

) =) Z((?)) .

This remains a test field for the whole duration of the inflation era if

.
am 1/H H?
O1)? < [1 +t3g H2] o (ﬁ,) 6 2 LM

m

2
for any value of H (where a = —%).
For the case for « < 1 at the end of inflation (H ~ m) one has

6
Oy < EMSI



Two field quadratic model: physical bounds from
stochastic approach

We then have
(1)2> _ 3H2a
8m2m?(2 — )
2 0)(+)2 20 3
o X ) (H l(HZ—H,?) .
4872 Mg, H; H4
The term dependent from the background value x(0) will be negligible with
respect to the leading value of the first one, for a < 2, if
18 1 Mym?
2—ao? H?
This condition is different, and can be stronger, with respect to the previous
one.

If we consider the particular case of a < 1 and require that the previous
condition implies this one, we obtain

(Hg—Za _ H4—2a) 4

XO(t)? <«
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Two field quadratic model: physical bounds from
stochastic approach

Analogously we can evaluate the growth of the quantum second order ¥ field

6@y = @ XOW) (H\"[ H1-a/2 H'1-a
arz Mg \H H 6 2 4

2 QL 21+«
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which at leading order gives

(0) , . 4—a
@,___o xt) (H 2(q_ @
W) =~ 542 Mz \H HE (1 2)'




Two field quadratic model: physical bounds from
stochastic approach

Bound on cosmological perturbation theory

The quantum growth of the gauge invariant inflaton fluctuations is given, at
first order, by

HE — H®
(1)\2\ __ 0
<(¢ ) > - 87T2m2H2 )
and, to second order, by
@y _ ¢ Ho —H® (e s
() = 16m2m2HM?, [ H? 3 (HO H ) ’

Let us study the validity of the perturbative expansion by considering the

ratios
() ((¢M)?)

(COEY



Two field quadratic model: physical bounds from
stochastic approach

We then obtain
66®)y 1 A Zp (H§—H°) -8 (Hy —H")
(@M)3)  4rV/3 My (HE — He)'/?

((211)2) 1 11 6 18\'/?

= —— (Hy — H .
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The two ratio are the same at the leading order toward the end of inflation.

T

When the perturbative expansion breaks down? When ~=7;

To study this ratio we use the variable N defined as the number of e-folds

away from the maximum value Npax = No = Iog amaX =35

Niax — N = log 20

~ 3H2
an " NTom

«Q



Two field quadratic model: physical bounds from
stochastic approach

To leading order
VI@Y) _ V2 m Nax (e — 1)
- 0 ~ max —
¢(0) 127T Mp/ N
On requiring that the absolute value of this ratio be less then one we obtain,
under the condition 7687r2 "’ >> 1, the following approximate constraint

3V3 H:
= 247 Mym?~
Therefore, the perturbative expansion is valid for all the duration of inflation

only if 1/3
12
Ho < ( \/g Mp,m2> ,

N>

namely, for My = 10°m, if

Hy < 129.596m
In agreement with previous investigations (Finelli, GM, Vacca, Venturi
(20086)).
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Test fields vs inflaton fluctuations

Let us consider three different test scalar fields with a small effective mass
and a zero homogeneous expectation value on different inflationary
backgrounds driven by an inflaton with potential V(¢) in the slow-roll
approximation and in the UCG.

The stochastic growth of such test scalar field will be described, in this
simplified case, starting from the result given before in the particular limit
0) —
x" =0.
A. Test scalar field with a constant mass m,
The stochastic equation is:

dixM?) ~ 2m (mzy _ H(1)
472

Its general solution is

NOHR(n) g ZTgn\ _gn A g,
<X(1)2> _ /dn e e’ 3HZ(R) e 3H2(n)
T

where we have assumed (x(V2)(N;) = 0.



Test fields vs inflaton fluctuations

B. Test scalar field with m? = cH®
If || < 1 the stochastic equation is:

d(xM?) | 2¢c

3
L+ e = 21

472 -

Its general solution is

<X(1)2> _ (/N dn"'f(g) e%m) ef%cN’
T

where we have assumed (x("V2)(N;) = 0.



Test fields vs inflaton fluctuations

C. Non-minimally coupled test scalar field
The stochastic equation is:

d(x"?)
dt

where ¢ is the non-minimal coupling to the Ricci scalar R and we assume
that |£] < 1 (however, N may be large).
The term in the action proportional to £x?R gives an effective time dependent

mass for x: m, =6(H?(2 —€)  where  e= _%_

+4EH()(2 - ) (xV?) =

Its general solution is

N HPHE(n) H \* _
(12, _ 8&n i 8N
W= (/ M amere © GO

where we have assumed (x("2)(N;) = 0.




Test fields vs inflaton fluctuations

The results from these test fields should be compared with the growth of the
first order gauge-invariant Sasaki-Mukhanov variable.
In the UCG this can be described as

d<¢(1)2> (12 Hz(f)
dN 2(n=2e)(6™") = 727
where ) )
Mz [V, 2 Voo
“‘7(7) =My

The general solution is given by

_e(N) N H(n)
<¢(1)2> T 4q2 e(n) ’

where we have assumed (¢("2)(N;) = 0.



Test fields vs inflaton fluctuations

In function of the scalar spectral index ns and of the tensor-to-scalar ratio r

ns=1—-—6e+2n , r=16¢

one obtains
d(¢"?)ren I Lmey _ HE(Y)
T+(n5_1+§) (6" )ren = a2
Power-law inflation, for which ns — 1 = —r/8 holds, lies at the threshold

between two opposite behaviours.

(¢M2) has the same eq. for a moduli with m? = cH? and
c=3(ns—1+r/8)/2

4
Below the power-law inflation line inflaton fluctuations behave as a moduli
with negative c.



Inflationary Zoo

Inflationary zoo

@ Case1: V(¢) = %q&z Chaotic quadratic inflation.
-3¢ o

@ Case 2: V(¢) = Voe "V P?" Power-law inflation.

@ Case 3: V(o) = Vo — ’V’;qbz Small field inflation model.

@ Cased: V(¢p)=Wo + M72¢2 (approximation for) Hybrid inflation.



Chaotic quadratic inflation

Chaotic quadratic inflation

m2

2
® GlTestField A:  (\V%) = o0y (H ™ —H' ")

® GiTestField B:  (xV2) = 75 [(1- e 5N) (& + SNr) - SN],
3H

where Ny =
@ Gl Test Field C.
m? gBE(NT—N)
W% = e (N~ NP e (BN — )

—(Nr — N2 E e (8E(Nr — N,-))] .

@ Gl Inflaton fluctuation:



Chaotic quadratic inflation

Chaotic quadratic inflation

1 o ) @ u

Figure : Evolution of the mean square quantum fluctuations (in units
of m3) versus the number of e-folds N for the quadratic chaotic
model. For the inflationary background we have chosen the
inflationary trajectory with m = 10=® m,; and H; = 10 m. The mean
square gauge invariant inflaton fluctuation (thick line) dominates over
those of gauge invariant test fields (m, ~ 0.3m is the solid line,

¢ = 0.02 is the dashed line, ¢ = 0.001 is the dotted line).



Power-law inflation model

Power-law inflation model
@ Gl Test Field A:
2 2
M2y _ P gp pm | _ pm\ H
W)= swzH’eXp< 3H> exP(SHZ H

,7X _

e <3 H2> +exp (3 H2>
where E; is the exponential integral function. N ,

@ GlTestFieldB:  (x"?) = 2 H? (c2 1) ( e 2h _ e—ch) .

@ Gl Test Field C:
(0% = b (-2~ 1 +4pe) " (0755 - 650 )

(@V?) = g5 (HF — H?).

@ Gl Inflaton fluctuation:



Power-law inflation model

Power-law inflation model

50 1) (] mn

Figure : Evolution of the mean square quantum fluctuations (in units
of mﬁl) versus the number of e-folds N for the exponential potential.
For the inflationary background we have chosen the inflationary
trajectory with p = 100 and t; = 10’ mj‘. The mean square gauge
invariant inflaton fluctuation (thick line) dominates over those of
gauge invariant test fields (m, = 10=% my, is the solid line, ¢ = 0.1 is
the dashed line, ¢ = 0.05 is the dotted line).



Small field inflation and Hybrid inflation models

Small field inflation and Hybrid inflation models

@ Gl Test Field A: a8 o
may o 4 8HR
W)~ oo (120 )

@ Gl Test Field B:

2

@ Gl Test Field C:

H2 B
V%) = 327?25 (1 -° 8§N>'

@ Gl Inflaton fluctuation:
LAVE(1 =)+ 3Gy (AMG(N — N) + 65(1 = ) £ y(1 - v
M2g2\ 2
962 MM (1 y 50 )

("% =

I

2V,

am2M3 NN
where we have sety = y(N) = e* % ")



Small field inflation

Small field inflation model

Figure : Evolution of the mean square quantum fluctuations (in units
of m]f]) versus the number of e-folds N for the small field inflationary
model. For the inflationary background we have chosen

Vo = 2.6 x 10—‘2m;‘1, M =0.85 x 10-5m,, and ¢; = 0.3 m,; as
parameters. The mean square gauge invariant inflaton fluctuation
(thick line) dominates over those of gauge invariant test fields

(m, = 1072Hy is the solid line, ¢ = 0.1 is the dashed line, ¢ = 0.05 is
the dotted line).



Hybrid inflation

Hybrid inflation model

Figure : Evolution of the mean square quantum fluctuations (in units
of m§,) versus the number of e-folds N for the hybrid model. For the

inflationary background we have chosen Vp = 2.6 x 107'2m3,
M = 1.8 x 10-8my, and ¢; = 0.3 m,, as parameters. In this case the
mean square of gauge invariant moduli can dominate over the mean
square of gauge invariant inflaton fluctuation (thick line): the

parameters chosen are m, = 10~2H, (solid line), ¢ = 0.002 (dashed

line), £ = 0.05 (dotted line).



Conclusions

@ Using the field theory results as a guideline, we have shown that the
stochastic equations for the gauge invariant variable associated with
any scalar fluctuations are naturally formulated as a flow in terms of the
number of e-folds N.

@ We have given some interesting bound on the validity of the test field
approximation and of the cosmological perturbation theory for quadratic
models.

@ For most of the inflationary models (Q")2) dominates over (Q{"?), if
the moduli has a non-negative effective mass.

@ Hybrid inflationary models can be an exception: (Q{"?) can dominate
over (QM?2) on choosing parameters appropriately.

@ The understanding of inflaton dynamics including metric fluctuations is
more important than the moduli problem in most of the inflationary
models.
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