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• Planck collaboration 2018: 
    precision measurements!
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Standard Model of Cosmology
• I. inflationary epoch in early Universe 

• seed fluctuations for formation of  galaxies & life 

• II. matter & energy content of  Universe today 
• exotic particles: dark matter (22%) 
• repulsive gravity: dark energy (74%) 
• ordinary matter: only 4%! 

• III. general relativity: Einstein  
• describe evolution of  matter & energy
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• I. inflationary epoch: Not Understood 
• what generates initial perturbations? 

• II. dark sector (96%): Not Understood 
• dark matter (22%) and dark energy (74%) 
• what are the nature of  dark sector? 
• ordinary matter (4%): Understood, check! 

• III. Einstein’s general relativity: Not Sure 
• valid on cosmological scales? modified gravity? 
• well tested in Solar System

Problems in Cosmology
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Problems in Cosmology

It is the most compelling of 
all outstanding problems in physical science! 

Dark Energy Task Force 2006 

The Birth of  the Universe: one of  the big  
issues for 21st century particle physicists 

Quantum Universe Report 2010



• current and future ground-based surveys: 
• Baryonic Oscillation Spectroscopic Survey  
• Dark Energy Survey 
• Dark Energy Spectroscopic Instrument 
• Large Synoptic Survey Telescope 

• future space missions: 
• Euclid  
• Wide-Field Infrared Survey Telescope  

• sub-percent level  
precision measurements!

I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

Large-Scale Surveys
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More Ambitious Surveys
• future radio surveys: 

• Murchison Wide-field Array  
Phase-II 

• Square Kilometer Array 

• redshifted 21cm lines: 
• from hyperfine transition in neutral hydrogen 
• probe redshift 10 ~ 30 
• more statistical power than CMB 

Even more precise measurements!

Square Kilometer Array
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CMB Stage IV (S4)
• next-generation CMB experiment: 

• dedicated telescopes  
• South Pole & Chile Atacama 
• and more telescopes? 
• inflation  
• neutrino mass 
• relativistic species 

X
m⌫
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Challenges
• precision measurements demand: 

• substantial advances in theoretical modeling of  
cosmological observables 

• standard theoretical descriptions: 
• sufficiently accurate to describe precision 

measurements?     answer: No! 
• galaxy clustering, weak lensing, Boltzmann eq. etc 
• incomplete and limited to linear theory                                 

due to gauge dependence & missing observer 
specification 
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Research Program
• re-write theoretical descriptions of  all cosmological 

observables: 
• in proper relativistic framework 
• check gauge-invariance 
• work out impact of  missing physics on observables 
• relativistic effects as novel probes of  cosmology 
• work in progress! 
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Research Program
• re-write theoretical descriptions of  all cosmological 

observables: 
• in proper relativistic framework 
• check gauge-invariance 
• work out impact of  missing physics on observables 
• relativistic effects as novel probes of  cosmology 
• work in progress! 

warning: 
They work well!  

BUT not quite so at the percent level or better



• postdoctoral fellows: 
• Yves Dirian 
• Ermis Mitsou 
• Enea DiDio 

• PhD students: 
• Nastassia Grimm 
• Sandra Baumgartner 
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Team at Zürich
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(a) Relativistic Effects
• all cosmological observations by measuring photons: 

• well known, but often ignored! 
• null geodesic for light path (vs instantaneous prop.) 
• light cone observation (vs same time volume) 

• missing relativistic effects: 
• gravitational redshift, lensing, frame distortion, etc 
• photon propagation over cosmological scales 
• explicit accounts of  all needed 
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Gravitational Redshift
• photon energy is affected 
• due to gravity at source and observer (Sachs-Wolfe) 
• also change in gravity during propagation (iSW)

dark matter

161 + zobs = (1 + z)
�
1 + V (z) � V (0) � ⇥(z) + ⇥(0) �

⇤ r

0
dr� (⇥̇ � �̇)

⇥
.
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• matter distribution deflect light propagation 

•
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n̂obs = (✓obs, �obs) = n̂true + �n, �n = (�✓, ��) �g / 

Gravitational Lensing
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Gravitational Lensing
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(b) Who Measures What?
• cosmological observables: 

• photons: frequency, polarization, flux, position 
• derivables: redshift, shape, luminosity, number 

density, lensing shear, etc. 

• observers (us) in rest frame (Minkowski): 
• observer dependent, but so trivial, often ignored! 
• (FRW) coordinate independent! (diffeo. invariant) 
• scalar under diffeomorphism: FRW vectors, tensors, 

all against our local basis 
• same for physical quantities in the source rest frame
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Symmetries
• general relativity (in cosmology): 

• diffeomorphism symmetry: any coordinates work 
• FRW metric with any gauge choice 
• cosmological observables: gauge invariant 

• coordinates in observer rest frame (Minkowski): 
• (local) Lorentz symmetry (indep. of  FRW coordinates) 
• boost is fixed, only rotational freedom 
• cosmological observables: not invariant under Lorentz 
• direct connection to QFT calculations 
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Symmetries
• general relativity (in cosmology): 

• diffeomorphism symmetry: any coordinates work 
• FRW metric with any gauge choice 
• cosmological observables: gauge invariant 

• coordinates in observer rest frame (Minkowski): 
• (local) Lorentz symmetry (indep. of  FRW coordinates) 
• boost is fixed, only rotational freedom 
• cosmological observables: not invariant under Lorentz 
• direct connection to QFT calculations 

tetrad formalism (local internal gauge symmetry)
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Simultaneity
• no absolute simultaneity 
• any choice of  hypersurface is ok (gauge freedom) 
• perturbations depend on choice of  hypersurface (gauge)

hypersurface
simultaneity is relative!
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�m,  , Pm(k), · · ·

Gauge Issues
• theoretical predictions in cosmology 

• compute perturbations such as   
• compare to observations such as 
• perturbations are gauge-dependent 
• cannot be directly associated with observables! 

• observable quantities: 
• gauge-invariance is a necessary condition, but           

not a sufficient condition 
• explicit check is needed

�obsm , P obs
m (k), · · ·
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• cosmological observables: 
• should be gauge-invariant, but std description: no! 

• standard theoretical descriptions: 
• chose one gauge, e.g., conformal Newtonian gauge 
• complete gauge fixing: gauge-invariant, not enough! 
• gauge-dependent: in general representations 

• lessons learned: 
• gauge fixing: easier, but lose ability to verify 
• explicit check of  gauge transformations

II. WHAT IS WRONG in STANADRD COSMOLOGICAL DESCRIPTIONS?
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(c) Gauge-Invariance
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Take-Home Message
• standard descriptions: incomplete 

• gauge dependent: different values in different gauges 
• no specification of  observer & source 
• nor frames in which physical events take place 

• limited to linear order: 
• rely on background FRW metric 
• similar to Minkowski metric in observer rest frame  
• only at 1st order, not generally valid 

need to re-write cosmology: what we do in Zürich! 



III. HOW CAN WE FIX STD COSMOLOGY? 
Gauge-Invariant Formalism



• use observables, not unobservables! 
• unobservables: (gauge-dependent) 

• most  quantities in theoretical descriptions 

• observables: (physical) 
• photon wave vector in observer rest frame 

• ind. FRW, gauge-invariant, subject to Lorentz trans. 
• same for other observables & derivables 
• e.g., redshift, angular size, 

III. HOW CAN WE FIX the STANDARD THEORETICAL DESCRIPTIONS?

Observables

ka = !
�
1,�ni

�
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• going to coordinates: tetrad vectors at observer 
• photon wave vector in FRW: 

• different from what we measure in rest frame! 

• Doppler effect, gravitational redshift, distortion, etc. 
• same for other observables & derivables 

• transport them to source position:  
• geodesic equation but with boundary condition! 
• geodesic deviation equation for shapes 
• check gauge dependence (yes, specific way)

III. HOW CAN WE FIX the STANDARD THEORETICAL DESCRIPTIONS?

FRW Coordinates

kµ = eµak
a =

!

a

h
1�A� ni��i (U� � B�) ,�ni�↵i + U↵ + ni��i

�
' �↵� + G↵

,� + C↵
�

�
+ ✏↵ijn

i⌦j
i
,
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• going to source rest frame: tetrad vectors at src 
• same effects at src: Doppler effect, gravitational 

redshift, frame distortion, misalignment, etc.  
• src has different velocity, potential, etc 

• relation bw observables & physical quantities: 
• should be gauge invariant, explicit check needed 
• e.g. src physical length vs observed angular size 
• emitted frequency vs measured frequency (redshift) 
• intrinsic luminosity vs apparent flux, etc. 
• also subject to LLT at observer & source

III. HOW CAN WE FIX the STANDARD THEORETICAL DESCRIPTIONS?

Physical Quantities at SRC

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP 04, 029

eµa(x⌫
s )
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• evolution equations along trajectory: 
• LHS: propagation of  any fluids in spacetime manifold 
• RHS: particle interactions in rest frame 
• S-matrix invariant under LLT, not under diffeo. 

• problems in standard approach: 
• parametrize geodesic & momentum 
• coordinate transformation 

• microscopic physics in rest frame

III. HOW CAN WE FIX the STANDARD THEORETICAL DESCRIPTIONS?

Boltzmann EQ & QFT

Mitsou & Yoo, arXiv:1908.10757  
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• tetrad fields:       
• metric is fully contained in tetrad 
• transparency: diffeo. & LLT (internal gauge symm.) 
• spinors: a representation of  SL(2,C), not in diffeo. 
• already well developed in general relativity 

• application to cosmology: natural generalization 
• not only at observer or src, but fields (everywhere!) 
• observer family: all possible observers everywhere 
• when projected, “observables”& gauge invariant 
• natural connection to QFT in Minkowski spacetime

III. HOW CAN WE FIX the STANDARD THEORETICAL DESCRIPTIONS?

Tetrad Formalism
eµa
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Mitsou & Yoo, arXiv:1908.10757  



IV. DO WE HAVE TO CARE? 
Impacts of  the Relativistic Effects
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(a) Luminosity Distance
• standard candle: 

• intrinsic luminosity: LSN known 
• observables: flux, redshift, position 
• luminosity distance:  

• inhomogeneities: 
• all observables are affected  
• perturbations: 
• LHS: observable, gauge-invariant 
• RHS: should be gauge-invariant

DL =

✓
LSN

4⇡fobs

◆1/2
fobs, zobs, nobs

DL = D̄L(zobs)(1 + �D)



IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Fluctuations in Luminosity Distance
• linear-order calculations: 

• with respect to observed redshift: 
• luminosity distance: 

           perturbations: gauge invariant 
• individual terms: gauge dependent 

• physical interpretation: 
• distortion in redshift: 
• radial & angular distortions of  src position: 
• distortion in local frame:

zobs

�z

�r 
⌅ =

1

2

�
Ci

i � Cijn
inj

�

DL = D̄L(zobs)(1 + �D)

�D = �z +
�r

r̄
� + ⌅

1 + zobs =
1 + �z

a(⌘)

Sasaki 1987, Bonvin, Durrer, Kunz 2006, Schmidt & Jeong 2014, Biern & Yoo 2017
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Infrared Divergences
• standard calculations: 

• order unity variance with N~500 e-folding 
• no need for dark energy: 
• no upper limit on N 

• many groups: 
• found same results 
• impose ad hoc IR cutoff  

kIR~H0 is imposed 
• conformal Newtonian 

gauge

No dark energy

Barausse et al. 2005, Kolb et al. 2005
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Impact on Luminosity Distance
• linear-order expressions: 

• black: standard calculation (IR divergence) 
• blue: correct gauge-invariant calculation 

• grey: missing 
component 

• cancellation: 
potential terms 
balanced

DL = D̄L(zobs)(1 + �D) �D = �z +
�r

r̄
� + ⌅

Biern & Yoo 2017 JCAP
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Impact on Luminosity Distance
• linear-order expressions: 

• black: standard calculation (IR divergence) 
• blue: correct gauge-invariant calculation 

• grey: missing 
component 

• cancellation: 
potential terms 
balanced

DL = D̄L(zobs)(1 + �D) �D = �z +
�r

r̄
� + ⌅

Biern & Yoo 2017 JCAP
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• summary of  new findings:  
• no IR-divergences in variance: we need dark energy! 
• no ad hoc IR cutoff  is needed 
• definitive & explicit end to controversy 

• lessons learned:  
• use correct gauge-invariant expression 
• make sure to explicitly check gauge-invariance 
• shift in mean LD from background (2nd order; in progress) 
• suspect more missing terms in other calculations 

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS
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Biern & Yoo 2017

(see Yoo & Scaccabarozzi 2016: compare 4 methods for computing luminosity distance)

(a) Luminosity Distance
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• measure of  how galaxies are distributed: 
• construct fluctuation in galaxy counts: 

• total number of  observed galaxies  
• observed volume             given 
• fluctuation field 

• relation to physical number density: 
• number conservation 
• observed number density

dVobs (zobs, ✓obs,�obs)

zobs 6= z , fobs 6= fphy , dVobs 6= dVphy

�obs
g =

nobs
g

hnobs
g i � 1

dNtot

dNtot = nphy
g dVphy = nobs

g dVobs

nobs
g = nphy

g
dVphy

dVobs

(b) Galaxy Clustering



• relativistic effects: 
• beyond BAO: a few percent level corrections 
• lensing and velocity contributions 

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Correlation Function

Scaccabarozzi, Yoo, Biern 2018 JCAP
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(b) Galaxy Clustering
• gauge-invariant description: 

• several velocity contributions (missing) 
• relativistic effects: a few percent beyond BAO 
• gravity waves: very small contribution 

• work in progress: 
• second-order calculations 
• power spectrum & bispectrum on horizon scales 
• primordial non-Gaussianity vs (late-time) relativistic 

effects
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(c) Weak Gravitational Lensing

ŝtrue = n̂obs + �n, n̂obs = (✓, �)obs, �n = (�✓, ��)
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<latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="wUPoSeOkMp9GSn2hvJSP2aDoPms="></latexit>

• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>
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(c) Weak Gravitational Lensing

ŝtrue = n̂obs + �n, n̂obs = (✓, �)obs, �n = (�✓, ��)
<latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="s/o7bhHFVEJtlO3qBtg5xFzbO30="></latexit>

✓
ds✓

sin ✓ ds�

◆
⌘

✓
D11 D12

D21 D22

◆ ✓
d✓

sin ✓d�

◆
,

<latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="a6u8jrxqiiVHEqymHA6Z744VRag="></latexit>

D ⌘
✓

1� � �1 ��2 � !
��2 + ! 1� + �1

◆

<latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="wUPoSeOkMp9GSn2hvJSP2aDoPms="></latexit>

• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>

observables to measure
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(c) Weak Gravitational Lensing

ŝtrue = n̂obs + �n, n̂obs = (✓, �)obs, �n = (�✓, ��)
<latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="s/o7bhHFVEJtlO3qBtg5xFzbO30="></latexit>

✓
ds✓

sin ✓ ds�

◆
⌘

✓
D11 D12

D21 D22

◆ ✓
d✓

sin ✓d�

◆
,

<latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="a6u8jrxqiiVHEqymHA6Z744VRag="></latexit>

D ⌘
✓

1 �  � �1 ��2 � !
��2 + ! 1 � + �1

◆

<latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="wUPoSeOkMp9GSn2hvJSP2aDoPms="></latexit>

• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>

observables to measuregauge-dependent



• relation to physical length & shape at src: 
• trace back size to src (geodesic deviation) 
• source position: gauge-dependent (still!) 
• rest frame: physical length                         (coord. ind.) 
• physical distortion matrix 

• all lensing observables: gauge-invariant

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS
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Gauge-Invariant Formalism

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP and Grimm & Yoo 2018 JCAP 

see also, Bonvin 2008 PRD, Bernardeau, Bonvin, van de Rijt, Vernizzi 2012 PRD

(dLd✓, dLd�)
<latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="EbPFEyfhtAvyHu22I+2XD8XiU8o=">AAACA3icdVDJSgNBEO1xjXGLetNLYxAiSJgJWW8BLx48RDALJCH09PQkTXoWumuEMIx48Ve8eFDEqz/hzb+xswgq+qDg9XtVdNWzQ8EVmOaHsbS8srq2ntpIb25t7+xm9vZbKogkZU0aiEB2bKKY4D5rAgfBOqFkxLMFa9vj86nfvmFS8cC/hknI+h4Z+tzllICWBpnDnHM5iJ0ejBiQ5Ox2/gpHPDkdZLJmvlYu1molrEmpUjCtKamY1WIZW3lzhixaoDHIvPecgEYe84EKolTXMkPox0QCp4Il6V6kWEjomAxZV1OfeEz149kNCT7RioPdQOryAc/U7xMx8ZSaeLbu9AiM1G9vKv7ldSNwq/2Y+2EEzKfzj9xIYAjwNBDscMkoiIkmhEqud8V0RCShoGNL6xC+LsX/k1Yhb5l566qYrZcXcaTQETpGOWShCqqjC9RATUTRHXpAT+jZuDcejRfjdd66ZCxmDtAPGG+fRdyX5w==</latexit>

✓
dLd✓

dLd�

◆
⌘ D̄A

✓
D̂11 D̂12

D̂21 D̂22

◆ ✓
d✓

sin ✓ d�

◆
,

<latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="z2phqyGMJmTOe+NMybRdhO826vY="></latexit>



• standard formalism: (but w/ proper relativistic effects) 

• gauge dependent due to  
• standard      : un-observable  
• real lensing observable: 

• gauge-invariant formalism: real lensing convergence 
• angular diameter fluctuation 
• velocity contributions:

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS
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Lensing Convergence

G↵ ! G↵ � L↵
<latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="3FnuZvS0bi4Im+X8ECkZAfCISRM="></latexit>

�D = �z +
�r

r̄
� + ⌅

Vs �
1

Hr̄z
(Vs � Vo)

<latexit sha1_base64="az3lCnbxYW0KFPEN/yWIReLi8GM="></latexit><latexit sha1_base64="az3lCnbxYW0KFPEN/yWIReLi8GM="></latexit><latexit sha1_base64="az3lCnbxYW0KFPEN/yWIReLi8GM="></latexit><latexit sha1_base64="Caaq5wsrRuA5GNV7UJ+Y7mUaZD8="></latexit>

Sasaki 1987, Bonvin, Durrer, Kunz 2006, Kaiser & Hudson 2015

�2 = (2Vk � 3Ck)o +

Z r̄z

0

dr̄

r̄

⇣
2n↵ � r̂↵

⌘
2C↵

� n
� � 2n↵

r̄z
(G↵ + �x↵)o +

2n↵G↵

r̄z
<latexit sha1_base64="PEv7XBG8TU4bufxZS+GqvhJ4Xdw="></latexit><latexit sha1_base64="PEv7XBG8TU4bufxZS+GqvhJ4Xdw="></latexit><latexit sha1_base64="PEv7XBG8TU4bufxZS+GqvhJ4Xdw="></latexit><latexit sha1_base64="0GxIAEbGWgdxkbRevb1d7uQ7Qo4="></latexit>

�
Z r̄z

0
dr̄

✓
r̄z � r̄

r̄z r̄

◆
r̂2

�
↵� � '� � Ck

�
� 1

r̄z
r̂↵G↵,

<latexit sha1_base64="e4/Vp4DHvUxdtxuBuHHKOLNRk5A="></latexit><latexit sha1_base64="e4/Vp4DHvUxdtxuBuHHKOLNRk5A="></latexit><latexit sha1_base64="e4/Vp4DHvUxdtxuBuHHKOLNRk5A="></latexit><latexit sha1_base64="BLCl8IAWcPg3m2nHYnY6HAT2B9w="></latexit>
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• standard formalism: (but w/ proper relativistic effects) 

• gauge dependent due to  
• standard      : un-observable  
• real lensing observable: 
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• velocity contributions:
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• standard model 

• missing velocity 

• missing potential 

• significant 
systematic 
errors 

• power spectrum 
in progress

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Systematic Errors

Biern & Yoo 2017
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IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Lensing Shear (scalar)
• standard formalism: 

• gauge dependent due to  
• correct shear in cN gauge w/ scalar only (lucky!) 
• other gauges yield different shear! 

• gauge-invariant formalism: 

±2� ⌘ �1 ± i�2 = m↵
⌥m

�
⌥�↵�

<latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="tQWqEGABd8ilBnBT51ZsXpLdPqk="></latexit>

G↵ ! G↵ � L↵
<latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="3FnuZvS0bi4Im+X8ECkZAfCISRM="></latexit>

scalar:                               tensor:                (SVT decomposition of  metric)↵�, '�
<latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="+VZJcV+J7aGzHrOtv5LVk3gjzdU=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuJAy02ovu4IblxXsBTqlnEnTTmjmQpIplKG68VXcuFDErU/hzrcxnVZQ0R8CX/5zDsn53YgzqSzrw1haXlldW89sZDe3tnd2zb39pgxjQWiDhDwUbRck5SygDcUUp+1IUPBdTlvu6HJWb42pkCwMbtQkol0fhgEbMAJKWz3z0AEeedBziMfObp0xiMhj6a1n5qx8tVoqFos4hQu7OodCpYztvJUqhxaq98x3px+S2KeBIhyk7NhWpLoJCMUIp9OsE0saARnBkHY0BuBT2U3SFab4RDt9PAiFPoHCqft9IgFfyonv6k4flCd/12bmX7VOrAaVbsKCKFY0IPOHBjHHKsSzPHCfCUoUn2gAIpj+KyYeCCBKp5bVIXxtiv+HZiFva74+z9VKizgy6Agdo1NkozKqoStURw1E0B16QE/o2bg3Ho0X43XeumQsZg7QDxlvnxX5l9o=</latexit>

C↵�
<latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="UekaNIcAtUO0vfMqgHgpgcNfeQo=">AAAB+HicdZDLSsNAFIYn9VbrpVGXbgaL4KokrfayK3TjsoK9QBPCyXTaDp1cmJkINfRJ3LhQxK2P4s63cZpWUNEfBj7+cw7nzO/HnEllWR9GbmNza3snv1vY2z84LJpHxz0ZJYLQLol4JAY+SMpZSLuKKU4HsaAQ+Jz2/Vl7We/fUSFZFN6qeUzdACYhGzMCSlueWWx7qQM8noLjUwULzyxZ5WazVq1WcQZXdnMFlUYd22UrUwmt1fHMd2cUkSSgoSIcpBzaVqzcFIRihNNFwUkkjYHMYEKHGkMIqHTT7PAFPtfOCI8joV+ocOZ+n0ghkHIe+LozADWVv2tL86/aMFHjhpuyME4UDclq0TjhWEV4mQIeMUGJ4nMNQATTt2IyBQFE6awKOoSvn+L/oVcp25pvLkut2jqOPDpFZ+gC2aiOWugadVAXEZSgB/SEno1749F4MV5XrTljPXOCfsh4+wR7zJOa</latexit>
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<latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="MU+xG4hLBTa45Vui6n+yBuSXEQM="></latexit>
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<latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="a3VNMKkijyozj9OU+SB03fMYUVY="></latexit>



IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Lensing Shear (tensor)
• standard formalism: 

• tensors: gauge invariant at 1st order  
• incorrect shear in tensor & IR divergence! 

• gauge-invariant formalism: 

• metric shear or FNC term: tensor at source 

• rest frame: observer frame & source frame

±2� ⌘ �1 ± i�2 = m↵
⌥m

�
⌥�↵�

<latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="tQWqEGABd8ilBnBT51ZsXpLdPqk="></latexit>

Dodelson et al. 2003,  Schmidt & Jeong 2012

scalar:                               tensor:                (SVT decomposition of  metric)↵�, '�
<latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="+VZJcV+J7aGzHrOtv5LVk3gjzdU=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuJAy02ovu4IblxXsBTqlnEnTTmjmQpIplKG68VXcuFDErU/hzrcxnVZQ0R8CX/5zDsn53YgzqSzrw1haXlldW89sZDe3tnd2zb39pgxjQWiDhDwUbRck5SygDcUUp+1IUPBdTlvu6HJWb42pkCwMbtQkol0fhgEbMAJKWz3z0AEeedBziMfObp0xiMhj6a1n5qx8tVoqFos4hQu7OodCpYztvJUqhxaq98x3px+S2KeBIhyk7NhWpLoJCMUIp9OsE0saARnBkHY0BuBT2U3SFab4RDt9PAiFPoHCqft9IgFfyonv6k4flCd/12bmX7VOrAaVbsKCKFY0IPOHBjHHKsSzPHCfCUoUn2gAIpj+KyYeCCBKp5bVIXxtiv+HZiFva74+z9VKizgy6Agdo1NkozKqoStURw1E0B16QE/o2bg3Ho0X43XeumQsZg7QDxlvnxX5l9o=</latexit>

C↵�
<latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="UekaNIcAtUO0vfMqgHgpgcNfeQo=">AAAB+HicdZDLSsNAFIYn9VbrpVGXbgaL4KokrfayK3TjsoK9QBPCyXTaDp1cmJkINfRJ3LhQxK2P4s63cZpWUNEfBj7+cw7nzO/HnEllWR9GbmNza3snv1vY2z84LJpHxz0ZJYLQLol4JAY+SMpZSLuKKU4HsaAQ+Jz2/Vl7We/fUSFZFN6qeUzdACYhGzMCSlueWWx7qQM8noLjUwULzyxZ5WazVq1WcQZXdnMFlUYd22UrUwmt1fHMd2cUkSSgoSIcpBzaVqzcFIRihNNFwUkkjYHMYEKHGkMIqHTT7PAFPtfOCI8joV+ocOZ+n0ghkHIe+LozADWVv2tL86/aMFHjhpuyME4UDclq0TjhWEV4mQIeMUGJ4nMNQATTt2IyBQFE6awKOoSvn+L/oVcp25pvLkut2jqOPDpFZ+gC2aiOWugadVAXEZSgB/SEno1749F4MV5XrTljPXOCfsh4+wR7zJOa</latexit>
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• lensed images rotate! 
• no rotation due to scalar at 1st order 
• rotation by scalars beyond linear order 

• Skrotsky effect 
• rotation by vector and tensor even at 1st order 
• probe of  gravity waves 

• gauge invariant formalism: 
• Skrotsky effect & difference in orientation 

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Lensing Rotation
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• how to measure rotation? 
• orientations should be synchronized 
• parallel transport along null path                                        

(the only way! path dependent in curved space) 
• orientation of  src: completely fixed by one at obs 

          

• bottom line: 
• complete cancellation in rotation! 
• no lensing rotation at all at 1st order 
• fictitious rotation against                                               

FRW coordinate  

2Ωn
s = 2Ωn

o− 2 cos θ Δϕ − ∫
r̄

0
dr̄ n⋅ ∇ × (Ψα + 2Cα

∥ ) ∴ ω̂ = 0

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

To Rotate or Not to Rotate



• orientation of  radio jets: 
• polarization: central geodesic, parallel transported 
• extended images: geodesic deviation, not PTed 

• intrinsic relation: 
• jet & polarization 

is perpendicular 
in source rest frame 

• infer lensing rotation

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

Radio Jets!

Kronberg, Dyer, Burbidge, Junkkarinen 1991 ApJL



• summary of  new findings: 
• convergence: fluctuation in luminosity distance 

(missing velocity contributions) 
• shear: ok with scalar in cN gauge 
• rotation: zero at 1st order, even with tensor 

• much of  the work in progress: 
• impact on 2pt shear correlation 
• convergence and shear cross-correlation 
• beyond linear order

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS
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(c) Weak Gravitational Lensing

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP and Grimm & Yoo 2018 JCAP
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(d) Cosmic Microwave Background
• much of  the work in progress: 

• Boltzmann equation in tetrad formalism 
• use of  background metric (except Bond & Szalay 1983) 
• linear order: ok except monopole and dipole 
• beyond linear order, not ok 

• future applications: 
• CMB lensing (2nd order): not complete 
• CMB spectral distortion 
• and more (stay tuned!) 
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CMB Temperatures      and
•    : cosmological parameter  

• determine background evolution 
• defined in background universe, unique number 
• influence perturbation evolution 

•         : observed CMB temperature (from FIRAS) 
• angle average CMB temperature over all sky 
• uncertainty in           : 

• COBE FIRAS 1996:                                                (0.15%) 
• + WMAP 2009:                                                      (0.021%) 

⟨T⟩obs

T̄

⟨T⟩obs = 2.728 ± 0.004 K
⟨T⟩obs = 2.7255 ± 5.7 ⋅ 10−4 K

⟨T⟩obs

⟨T⟩obsT̄

Yoo, Mitsou, Dirian, Durrer 2019 PRD 100, 063510 



• standard cosmic variance: 
• cubic box of  simultaneity 
• number of  independent modes 
• luminosity distance: no CV limit if   

• cosmic variance on the light cone: 
• single past-light cone 
• all cosmological observables: CV limited                

(luminosity distance, no exception) 
• maximum cosmological information 

IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS
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(e) Cosmic Variance
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IV. DO WE HAVE TO CARE AT ALL? IMPACT OF RELATIVISTIC EFFECTS

• type Ia supernova: 
• LSST will measure approximately 
• do we need to? when cos info is saturated? 
• what is the maximum cos info up to  

• missing baryon & local Hubble: 
• tip of  the light cone, large cosmic variance 
• what is CV contribution to the problem?

55

(e) Cosmic Variance

NSN = 1
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Maximum Cosmological Information
• idealized supernova observations: 

• no systematic errors 
• infinite number of  observations (no stat. error) 
• all sky, all SN measurements up to maximum redshift 

• cosmic variance: 
• information is not infinite! 
• observed flux, angular position, redshift: correlated 
• host galaxy fluctuations & radial correlation:             

not properly considered in literature 

Yoo 2019 arXiv:1911.07869



Pantheon 

SNLS 
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Maximum Cosmological Information
• two cosmological parameters in LCDM:  

• imprecise forecast in yellow:  
• without radial correlation (yellow solid) 
• without host galaxy correlation (yellow dashed)

(Ωm, w0)

• b: galaxy bias 

• ⍺: evolution 
factor (3: 
dark matter)



V. MORE WORK & FUTURE DIRECTION: 
In the Next Five Years and the Coming Decade



V. MORE WORK AND FUTURE DIRECTION
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What can We Learn?
• relativistic effects: small, but detectable! 

• extra and critical information  
• difficult, but high gain (new opportunities) 

• key role: deviations from standard cosmology 
• higher-order signatures (fossil fields, DE fluct.) 
• not present in Newtonian description 

• complementary role: enigmatic standard cosmology 
• (better) complementary to CMB constraints 
• convincing constraints on dark energy



• future ground-based surveys: 
• Dark Energy Spectroscopic Instrument 
• Large Synoptic Survey Telescope 
• Square Kilometer Array 
• CMB Stage-IV 

• future space missions: 
• Euclid  
• Wide-Field Infrared Survey Telescope  

V. MORE WORK AND FUTURE DIRECTION

Future Surveys
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• incomplete standard theoretical description of  
cosmological observables 

• gauge dependent & missing relativistic effects 
• no frame specification for physical events and 

observables 
• limited to linear order 

• subtle relativistic effects in precision cosmology 
• a new area of  research 
• test general relativity (or modified gravity) 
• signatures of  inflationary models 
• consistency check & complementary constraints

Executive Summary


