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Evidence for anisotropy of cosmic acceleration
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All we can ever learn about the universe is 
contained within our past light cone

We cannot move over cosmological distances and check if the universe 
looks the same from ‘over there’ as it does from here … so there are

limits to what we can know (cosmic variance)



Standard cosmological model
The universe is isotropic +  homogeneous (when averaged on ‘large’ scales)
⇒ Maximally-symmetric space-time + ideal fluid energy-momentum tensor

We observe: 0.8Ωm - 0.6ΩL ≈ -0.2 (Supernovae),  Ωk ≈ 0.0 (CMB), Wm ~ 0.3 (Clusters)
➙infer universe is dominated by dark energy: WΛ = 1 - Wm - Wk ~ 0.7 ⇒ Λ ~ 2H0
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So the Friedmann-Lemaitre equation ⇒ ‘cosmic sum rule’: W m +Wk +WL = 1

Rµ⌫ � 1

2
Rgµ⌫ + �gµ⌫

= 8⇡GNTµ⌫

Robertson-Walker

ds2 ⌘ gµ⌫dx
µdx⌫

= a2(⌘)
⇥
d⌘2 � dx̄2

⇤
Einstein

⌦m ⌘ ⇢m

(3H2
0/8⇡GN)

, ⌦k ⌘ k

(3H2
0a

2
0)
, ⌦⇤ ⌘ ⇤

(3H2
0
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After straightforward yet tedious calculations (which I relegate to homework), we obtain the com-
ponents of the Ricci tensor:

R0
0 = 3

ä

a
,

R0
i = 0,

Ri
j =

1

a2

(

aä + 2ȧ2 + 2k
)

δα
β .

(93)

The t − t component of the Einstein’s equation given in eq. (92) becomes

3ä

a
= 8πG

[

−(ρ + P ) +
1

2
(ρ − P )

]

, (94)

or

ä = −
4πG

3
(ρ + 3P ) a. (95)

The i − i component of the Einstein’s equation is

1

a2

(

aä + 2ȧ2 + 2k
)

= 8πG

[

1

2
(ρ − P )

]

, (96)

or
aä + 2ȧ2 + 2k = 4πG(ρ − P )a2, (97)

The eqs. (95)-(97) are the basic equations connecting the scale factor a to ρ and P . To obtain a
closed system of equations, we only need an equation of state P = P (ρ), which relates P and ρ.
The system then reduces to two equations for two unknowns a and ρ.

It is, however, beneficial to further massage these basic equations into a set that is more easily
solved. Solving the eq. (97) for ä, we obtain

ä = 4πG(ρ − P )a −
2ȧ2

a
+

2k

a
, (98)

which can be combined with eq. (95) to cancel out P dependence and yield

16πGρa

3
−

2k

a
−

2ȧ2

a
= 0, (99)

or

ȧ2 + k =
8πG

3
ρa2. (100)

When combined with the eq. (62) derived in the context of conservation of energy-momentum
tensor, and the equation of state, we obtain a closed system of Friedmann equations:

ȧ2 + k =
8πG

3
ρa2, (101a)

∂ρ

∂t
+ 3 (ρ + P )

ȧ

a
= 0, (101b)

P = P (ρ). (101c)
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To drive accelerated expansion requires the pressure to be negative (P < -r/3) so this is 
interpreted as vacuum energy at the scale (rL)1/4 = (H0

2/8pGN)1/4 ~ 10-12  GeV << GF
-1/2 ~ 102 GeV

Tµ⌫ = �h⇢ifields gµ⌫

This makes no physical sense … exacerbates the (old) Cosmological Constant problem!

The scale is set by the only dimensionful parameter: H0 ~ 10-42 GeV



There has been substantial investment in major 
satellites and telescopes to measure the 

parameters of the ‘standard cosmological model’ 
with increasing ‘precision’… but surprisingly little 

work on testing its foundational assumptions

WL ≡ L/3H0
2

rL ≃ H0
2MP 

2

~ (10-12 GeV)4



The Universe must appear to be the same to all observers wherever they are
This ‘cosmological principle’ …

Edward Arthur Milne (1896-1950) 

Rouse Ball Professor of Mathematics & Fellow of Wadham College, Oxford, 1928-



“Data from the Planck satellite show the universe to be highly isotropic” (Wikipedia) 

We observe a ~statistically isotropic ~Gaussian random field of small temperature 
fluctuations (quantified by the 2-point correlations ➛ angular power spectrum)



But the CMB sky is in fact quite anisotropic 
There is a ~100 times bigger anisotropy in the form of a dipole with DT/T ~ 10-3

This is interpreted as due to our motion at 370 km/s wrt the frame in which the CMB is 
truly isotropic ⇒ motion of the Local Group at 620 km/s towards l=271.9o, b=29.6o 

This motion is presumed to be due to local inhomogeneity in the matter distribution
Its scale – beyond which we converge to the CMB frame – is supposedly of O(100) Mpc
(Counts of galaxies in the SDSS & WiggleZ surveys are said to scale as r3 on larger scales)
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However the biggest spheres are not fully contained in the WiggleZ survey 
volume … so were filled with galaxies drawn from a ΛCDM model simulation!
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100 Mpc

This is what our universe actually looks like locally (out to ~300 Mpc)
We are moving towards the Shapley supercluster supposedly due to a ‘Great Attractor’  

If so, our ‘peculiar velocity’ should fall off as ~1/r so we “converge to the CMB frame” 
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Theory of peculiar velocity fields

In linear perturbation theory, the growth of the density contrast                
as  a function of commoving coordinates and time is governed by:

@
2
�

@t2
+ 2H(t)

@�

@t
= 4⇡GN⇢̄�
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We are interested in the ‘growing mode’ solution – the density contrast grows self-
similarly  and so does the perturbation potential and its gradient … so the direction 
of  the acceleration (and its integral – the peculiar velocity) remains unchanged.

The peculiar velocity field is related to the density contrast as:

v(x) =
2

3H0

Z
d3y

x� y

|x� y|3 �(y),
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where HL(x) is the local value of the Hubble parameter and W (x – y) is the ‘window 
function’ (e.g. q(R - |x – y|) (4pR3/3)-1 for a volume-limited survey, out to distance R)

�H(x) =

Z
d3y v(y) · x� y

|x� y|2W (x� y),
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So the peculiar Hubble flow, 𝜹H(x) = HL(x) – H0 (⇒ trace of the shear tensor), is:

�(x) = [⇢(x)� ⇢̄]/⇢̄
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Theory of peculiar velocity fields (cont.)

Rewrite in terms of the Fourier transform �(k) ⌘ (2⇡)3/2
Z

d3x �(x)eik·x :
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Then the RMS fluctuation in the local Hubble constant                                              is:�H ⌘ h(�H/H0)
2i1/2
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Similarly the variance of  the peculiar velocity is: hv2iR =
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Growth rate

~insensitive to shape of 
matter power spectrum

Power spectrum of matter fluctuations
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~insensitive to shape of 
matter power spectrum

… at 300 Mpc the peculiar velocity should have fallen below ~100 km/s



Aitoff-Hammer plot, Galactic coordinates

Left panel: The red spots represent the data points for z < 0.06 with distance moduli μdata bigger
than the values μCDM predicted by LCDM, and the green spots are those with μdata less than μCDM; 
the spot size is a relative measure of the discrepancy. A dipole anisotropy is visible around the 
direction b = −30◦, l = 96◦ (red points) and its opposite direction b = 30◦, l = 276◦ (small green 
points), which is the direction of the CMB dipole.               Right panel: Same plot for z > 0.06

Union 2 compilation of 557 Sne Ia

We perform tomography of the Hubble flow by testing if the supernovae are at the 
expected Hubble distances: Residuals ⇒ ‘peculiar velocity’ flow in local universe

Colin, Mohayaee, S.S. & Shafieloo, MNRAS 414:264,2011



Right panel: Cumulative analysis 
finds that at low redshift, 0.015 < z < 
0.06, isotropy is excluded at 2–3 σ 
with P = 0.054; but at higher redshift, 
0.15 < z < 1.4 the data runs out and 
there is consistency with isotropy 
within 1σ (P = 0.594).
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is the universe isotropic? 

Left panel: P-value for the consistency of the 
isotropic universe with the data. At z ≈ 0.05 
(⇒200 Mpc) the P-value drops to 0.014 
showing that isotropy is excluded at 3σ …  
i.e. we have not converged to the CMB rest 
frame even well beyond the scale where the 
universe supposedly becomes homogeneous.

Maximum likelihood analysis can now be used to estimate the bulk flow at low 
redshifts where the velocities are not yet dominated by the cosmic expansion 



0.015 < z < 0.045, v = 270 km/s, l = 291, b = 15 0.015 < z < 0.06, v = 260 km/s, l = 298, b = 8

This is ≿1s higher than expected for 
the standard ΛCDM model … and  

extends beyond Shapley (at 260 Mpc)

… consistent with Watkins et al (2009) 
who found a bulk flow of 416±78 km/s

towards b = 60±60, l = 282±110

extending up to ~100 h−1 Mpc

No convergence to CMB frame,even
well beyond ‘scale of homogeneity’

dipole in the SN Ia velocity field Aligned with the CMB Dipole 
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(Feindt et al, A&A 560:A90,2013)

(Bonvin et al 2006)

Our result was confirmed by the Nearby Supernova Factory survey

Courtesey: Ulrich Feindt



The data runs out at higher redshift but the bulk flow is established out to ~300 Mpc
… implies a attractor mass of >1017 MSun at that distance (Feindt et al, A&A 560:A90,2013)
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Further confirmation by the 6-degree Field Galaxy Survey (6dFGSv)

LCDM expectation for Gaussian window (90% CL)

Largest single sample of 11,000 galaxy peculiar 
velocity measurements … using the 

‘Fundamental Plane’ to make distance estimates
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In the ‘Dark Sky’ LCDM simulations, less than 1% of Milky Way–like observers 
experience a bulk flow as large as is observed, extending out as far as is seen

Rameez, Mohayaee, S.S. & Colin, MNRAS 477:1722,2018



Do we infer acceleration even though the expansion is actually decelerating 
… because we are inside a local ‘bulk flow’? 

(Tsagas 2010, 2011, 2012; Tsagas & Kadiltzoglou 2015) 

… if so, there should be a dipole asymmetry in the inferred deceleration 
parameter in the same direction – i.e. aligned with the CMB dipole

drops below 1 and the comoving observer ‘measures’ negative deceleration parameter

The patch A has mean peculiar velocity with and  
(the sign depending on whether the bulk flow is faster or slower than the surroundings)

# = D̃ava ? 0
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Inside region B, the r.h.s. of the expression
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Betoule et al, A&A 568:A22,2014
(included Conley, Filippenko, Frieman, 
Goobar, Guy, Hook, Jha, Kessler, Pain, 

Perlmutter, Riess, Sollerman, Sullivan …)  

Joint Lightcurve Analysis data (740 Sne Ia)

In contrast to previous analyses (which 
assumed LCDM and adjusted the errors to 

get a good fit) we apply a principled
statistical analysis (Maximum Likelihood) 

… and obtain rather different results
Nielsen, Guffanti & S.S., Sci.Rep. 6:35596,2016

http://supernovae.in2p3.fr/sdss_snls_jla/

http://supernovae.in2p3.fr/sdss_snls_jla/


What are Type Ia supernovae?
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But they can be ‘standardised’ using the observed correlation between their peak 
magnitude and light-curve width (NB: this correlation is not understood theoretically)

They are certainly not ‘standard candles’



Corrected 
data
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Type Ia supernovae as ‘standardisable candles’ 

Use a standard template (e.g. SALT 2) to make ‘stretch’ and ‘colour’ corrections  …
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Betoule et al., A&A 568:A22,2014SALT 2 parameters

Spectral Adaptive Lightcurve Template
(For making ‘stretch’ and ’colour’ corrections to the observed lightcurves)

The host galaxy mass appears not to be relevant … but there may well be 
other variables that the magnitude correlates with …

B-band



Cosmology

Distance 
modulus

Acceleration is a kinematic quantity so the data can be analysed without assuming any 
dynamical model, by expanding the time variation of the scale factor in a Taylor series 

(e.g. Visser, CQG 21:2603,2004)q0 ⌘ �(äa)/ȧ2 j0 ⌘ (
...
a/a)(ȧ/a)�33

<latexit sha1_base64="+VSyXcgk45wH2Q1pUyYgLzxCNS4="></latexit>



Construct a Maximum Likelihood Estimator

Nielsen, Guffanti & S.S., Sci.Rep. 6:35596,2016

Well-approximated as Gaussian

JLA data
‘Stretch’

corrections

JLA data
‘Colour’

corrections



cosmology SALT2

intrinsic 
distributions

Likelihood

1,2,3-sigma solve for Likelihood value

… it is clear that previous analyses overestimated the significance of acceleration
because they adjusted sint to get c2 of 1/d.o.f. for the fit to the assumed LCDM model!

Confidence 
regions



MLE, best fit
Profile Likelihood
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NB: We show the result in the Wm-WL plane for comparison with previous results (JLA)
simply to emphasise that the statistical analysis has not been done correctly earlier

(Other constraints e.g. WM  ≳ 0.2 or WM +WL ≃1 are relevant only to the LCDM model)

JLA

0.4

0.2

Data consistent with uniform rate of expansion @ 3s (⇒r+3p = 0)



Rubin & Hayden (ApJ 833:L30,2016) say 
that our model for the distribution of the 
JLA light curve fit parameters should have 

included a dependence on sample and 
redshift (to allow for ‘Malmqvist bias’-

which the JLA collab. had corrected for)
... they added 12 more parameters to our 

(10 parameter) model to describe this

In any case this raises the 
significance with which a 

non-accelerating universe is 
rejected to only ≲4s … still 

inadequate to claim a 
‘discovery’ (even though the 
dataset has increased from 
~100 to 740 SNe Ia in 20 yrs)

Nielsen et al

Rubin & Hayden

This a posteriori modification is not justified by 
the Bayesian Information criterion



The sky distribution of the 4 sub-samples of the JLA catalogue in Galactic coordinates: SDSS (red dots), SNLS (blue dots), 
low redshift (green dots) and HST (black dots). Note that the 4 big blue dots are clusters of many individual SNe Ia. The 

directions of the CMB dipole (star), the SMAC bulk flow (triangle) and the 2M++ bulk flow (inverted triangle) are shown.

Subsequently we realised that the peculiar velocity `corrections' applied to the JLA 
catalogue assume that the bulk flow terminates suddenly at ~150 Mpc … so undid them
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Jacques Colin et al.: Evidence for anisotropy of cosmic acceleration

Fig. 1. The sky distribution of the 4 sub-samples of the JLA catalogue in Galactic coordinates: SDSS (red
dots), SNLS (blue dots), low redshift (green dots) and HST (black dots). Note that the 4 big blue dots are
clusters of many individual SNe Ia. The directions of the CMB dipole (star), the SMAC bulk flow (triangle),
and the 2M++ bulk flow (inverted triangle) are also shown.

Figure 1 is a Mollewide projection of the directions of the 740 SNe Ia in Galactic coordinates.

Due to the diverse survey strategies of the sub-samples that make up the JLA catalogue, its sky

coverage is patchy and anisotropic. While the low redshift objects are spread out unevenly across

the sky, the intermediate redshift ones from SDSS are mainly confined to a narrow disk at low

declination, while the high redshift ones from SNLS are clustered along 4 specific directions.

The JLA analysis (Betoule et al. 2014) corrects the observed redshifts zhel in the heliocentric

frame in order to obtain the cosmological redshifts zCMB after accounting for peculiar motions in

the local Universe. These corrections are carried over unchanged from an earlier analysis (Conley

et al. 2011), which in turn cites an earlier method (Neill et al. 2007) and the peculiar velocity

model of Hudson et al. (Hudson et al. 2004). It is stated that the inclusion of these corrections

allow SNe Ia with redshifts down to 0.01 to be included in the cosmological analysis, in contrast to

earlier analyses (Riess et al. 2006) which employed only SNe Ia down to z = 0.023.

In Figure 2 we scrutinise these corrections by exhibiting the velocity parameter C, defined as

C = [(1 + zhel) � (1 + zCMB)(1 + zd)] ⇥ c (3)

where zhel and zCMB are as tabulated by JLA, while zd is given by (Davis et al. 2011)

zd =

s
1 � uCMB��.n̂/c

1 + uCMB��.n̂/c
� 1, (4)

where uCMB�� is 369 km s�1 in the direction of the CMB dipole,(Kogut et al. 1993) and n̂ is the

unit vector in the direction of the supernova. It can be seen in Figure 2 that SNe Ia beyond z ⇠ 0.06

have been assumed to be stationary w.r.t. the CMB rest frame, and corrections applied only to those

at lower redshifts. It is not clear how these corrections were made beyond z ⇠ 0.04, which is the

maximum extent to which the Streaming Motions of Abell Clusters (SMAC) sample (Hudson et al.
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When the data is now analysed allowing for a dipole, we find the MLE prefers one (50 
times bigger than the monopole) … in the same direction as the CMB dipole

The significance of qo being negative has now decreased to only 1.4s
This strongly suggests that cosmic acceleration is simply an artefact of our being 

located inside a ‘bulk flow’ (which includes ~3/4 of the observed SNe Ia)
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2 Cosmological analysis

We nowcompare the distance modulus (eq.1) obtained from the JLA sample with the apparent

magnitude (eq.2) using the Maximum Likelihood Estimator 25. For the luminosity distance we

use its kinematic Taylor series expansion up to the third term 40 since we wish to analyse the data

without making assumptions about the matter content or the dynamics:

dL(z) =
cz

H0

⇢
1 +

1

2
[1� q0]z �

1

6
[1� q0 � 3q20 + j0 +

kc
2

H
2
0a

2
0

]z2
�

(5)

where q ⌘ �äa/ȧ
2 is the cosmic deceleration parameter in the Hubble flow frame, defined in terms

of the scale factor of the universe a and its derivatives w.r.t. proper time, j0 is the cosmic ‘jerk’

j = ˙̈a/aH3, and �kc
2
/(H2

0a
2
0) is just ⌦k. Note that the last two appear together in the coefficient

of the z
3 term so cannot be determined separately. In the ⇤CDM model: q0 ⌘ ⌦M/2� ⌦⇤.

To look for a dipole in the deceleration parameter, we allow it to have a direction dependence:

q = qm + ~qd.n̂F(z, S) (6)

where qm and qd are the monopole and dipole components, while n̂ is the direction of the dipole

and F(z, S) describes its scale dependence. We consider four representative functional forms:

(a) No scale dependence: F(z, S) = 1 independent of z,

(b) ‘Top hat’: F(z, S) = 1 for z < S, and 0 otherwise,

(c) Linear: F(z, S) = 1� z/S, and

(d) Exponential: F(z, S) = exp(�z/S).

9

standard LCDM⤳
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There is not enough 
data to do an a priori 
scan of the best-fit 
direction of qd … but if 
done a posteriori it is 
found to be within 230 

of the CMB dipole

The log-likelihood 
changes by just 3.2 
between the two 
directions i.e. the 
direction of the 
acceleration is 
consistent with being 
due to the bulk flow



All results may be reproduced using the public JLA catalogue and our code available at: 
https://github.com/rameez3333/Dipole_JLA

Don’t need to take anyone’s word for it!



https://archive.stsci.edu/prepds/ps1cosmo/scolnic_datatable.html

“For the Pantheon catalogue (Scolnic et al. 2018) the zhel values and individual contributions to 
the covariance are not public, and moreover there are unresolved concerns about the accuracy 
of the data therein (Rameez 2019) so we cannot use it”  - Colin et al, A&A 631:L13,2019

Data from he Carnegie Superova Project and the Dark Energy Survey are not publicly available



Runin & Heitlauf (arXiv:1912.02191) reproduce our result but criticise us: 
1. For ‘incorrectly’ not allowing redshift-dependence of light-curve parameters (BIC)
2. For ‘shockingly’ using heliocentric redshifts (as was done by all SN analyses till 2011)
3. For not using data from southern sky surveys (which are in fact not public)
4. For using a ‘pathological’ model of the dipole anisotropy (it is in fact well behaved)

Without JLA peculiar 
velocity covariance 

With JLA peculiar 
velocity covariance 

This shows the various “corrections” that must be made in order to extract significant 
evidence for isotropic acceleration (q0m), rather than anisotropic acceleration (q0d)

… we believe these “corrections” are not justified (arXiv:1912:04257)



If the dipole in the CMB is due to our motion wrt the ‘CMB frame’ 
then we should see same dipole in the distribution of all distant sources

Aberration Doppler boosting

Observer, velocity v

Moving frameRest frame

𝜃
𝜙

tan𝜙 =
sin 𝜃

γ ∗ 𝑐𝑜𝑠𝜃 − 𝑣𝑐 Di
ffe

re
nt

ia
l f

lu
x

Energy

𝜙 ∝ 𝐸<= -ve power law

+

Flux limited catalog ➙more 
sources in direction of motion

𝜎 𝜃 ?@A = 𝜎BCAD[1 + 2 + 𝑥 1 + 𝛼
𝑣
𝑐
cos(𝜃)]

Ellis & Baldwin (1984)



Dipoles in a catalogue of galaxies
All-sky catalogue with N sources 
with redshift distribution D(z) from 
a directionally unbiased survey

redshift

D(z)

𝛿 = 𝓚 (𝑣⃗?@A, 𝑥, α) + 𝓡 (N) + 𝓢 (D(z))

𝓚 → The kinematic dipole: independent
of source distance, but depends on 
source spectrum, source flux 
function, observer velocity

𝓡 → The random dipole: ∝ 1/√𝑁
isotropically distributed

𝓢 → The dipole component of an actual 
anisotropy in the distribution of 
sources in the cosmic rest frame 
(significant for shallow surveys) 

Radio sources: NVSS  + SUMSS, 600,000 galaxies z ~ 1, 𝓢 (D(z)) → 0
Colin, Mohayaee, Rameez & S.S., MNRAS 471:1045,2017

Wide Field Infrared Survey Explorer, 2,400,000 galaxies, z ~ 0.14, 𝓢 (D(z)) significant
Rameez, Mohayaee, S.S. & Colin MNRAS 477:1722,2018  

1
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The NRAO VLA Sky Survey 
(NVSS)

1.4 GHz survey (down to Dec = -40.4o) 
National Radio Astronomy Observatory

1,773,488 sources >2.5 mJy
(complete above 10 mJy)

Most are believed to be at z ≳ 1

Sydney University Molonglo
Sky Survey (SUMSS)

843 MHz survey (Dec < -30.0o)
Molonglo Observatory Synthesis telescope

211,050 sources (with similar sensitivity and 
resolution to NVSS catalogue)

… Similar expected redshift distribution



The NVSUMSS-Combined All Sky catalog

• Rescale SUMSS fluxes by 
(843/1400)-0.75 ~ 1.46 to match 
with NVSS (works within ~1%)

• Remove Galactic Plane at ±10o

(also Supergalactic plane)

• Remove NVSS sources below, and 
SUMSS sources above, Dec. -30)

• Apply common threshold flux cut 
to  both samples

• Remove any nearby sources 
(common with 2MRS & LRS) 
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Our Peculiar velocity wrt radio galaxies
≠ peculiar velocity wrt the CMB

Velocity ~ 1355± 174 km/s 
(with the linear estimator)

Direction within 10° of CMB 
dipole (but x4 times faster)!

Confirms claim by Singal (2011) 
which was criticized subsequently 

(Gibelyou & Huterer 2012, Rubart & 
Schwarz 2013, Nusser & Tiwari 2015)

We have addressed all the concerns 
but this strange anomaly remains … 

and casts doubt on the kinematic 
interpretation of the CMB dipoleCo
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What about the evidence from BAO, H(z), growth of structure, …?

In fact all data are equally consistent with no acceleration (best fit: a ~ t0.92)
… will need ~5x106 galaxy redshifts to see BAO peak without assuming a model
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The ’independent’ lines of evidence are obtained using LCDM templates! 



What about the precision data on CMB anisotropies?

There is no direct sensitivity of CMB anisotropy to dark energy … it is all inferred (in the framework of LCDM)

Where is the entry for L?!



A ‘tilted’ Universe?
• There is a dipole in the recession velocities of host galaxies of supernovae                 
⇒ we are in a ‘bulk flow’ stretching out well beyond the scale at which the 

universe supposedly becomes statistically homogeneous.

• The inference that the Hubble expansion rate is accelerating is likely an 
artefact of the local bulk flow … there is a strong dipole in q0 aligned with the 
bulk flow, and the monopole drops in significance to be consistent with zero 

Could all this be an indication of new horizon-scale physics? 

The ‘standard’ assumptions of isotropy and homogeneity are questionable –
forthcoming surveys (Euclid, LSST, SKA …) will enable definitive tests

Meanwhile the inference that the universe is 
dominated by ‘dark energy’ is open to question


